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Abstract 

For a bounded smooth domain in the plane and smooth boundary data we consider the 
minimisation of the Willmore functional for graphs subject to Dirichlet or Navier boundary 
conditions. For U 2 -regular graphs we show that bounds for the Willmore energy imply area 
and diameter bounds. We then consider the M-lower semicontinuous relaxation of the Willmore 
functional, which is shown to be indeed its largest possible extension, and characterise properties 
of functions with finite relaxed energy. In particular, we deduce compactness and lower-bound 
estimates for energy-bounded sequences. The lower bound is given by a functional that describes 
the contribution by the regular part of the graph and is defined for a suitable subset of BV(Q). 
We further show that finite relaxed Willmore energy implies the attainment of the Dirichlet 
boundary data in an appropriate sense, and obtain the existence of a minimiser in L°° n BV 
for the relaxed energy. Finally, we extend our results to Navier boundary conditions and more 
general curvature energies of Canham- Helfrich type. 

MSC (2010): 49Q10, 53C42. 


1 Introduction and main results 


The present paper is intended as an analogue for the Willmore functional of the BV-approach of 
minimising the non-parametric area functional under Dirichlet boundary conditions (see |Giu84l 
Theorem 14.5]). We therefore consider for two-dimensional graphs T C M 3 the following combina¬ 
tion of Willmore functional (cf. |Wil93| n and total Gaufi curvature 


wqr) = - 


i H2dS -^Ir 


KdS , 


* e-mail: Klaus.Dockelnick@ovgu.de 
'e-mail: Hans-Christoph.Grunau@ovgu.de 

* e-mail: matthias.roeger@tu-dortmund.de 

1 This functional had indeed shown up already at the beginning of the 19th century. For historical and mathematical 
background information on the Willmore functional one may see IMN14llNit93l . 
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where 7 € R is a constant, H and K denote the mean and Gaufi curvature and are defined as the 
sum respectively the product of the principal curvatures. We investigate how and to what extent a 
direct method of the calculus of variations can be applied to the respective minimisation problem, 
subject to boundary conditions. We therefore need to identify a suitable class of functions and a 
suitable generalisation of the Willmore energy that allow for compactness and lower semicontinuity 
properties. 


1.1 The Willmore functional and boundary value problems for the Willmore 
equation 

Let ft C R 2 be a bounded domain with a C 2 -boundary and exterior unit normal field v, let 
ip : ft —» R be a sufficiently smooth (at least p> € C 2 (ft)) boundary datum, and fix a parameter 
7 € R. Our aim is to minimise the Willmore functional W 7 in the class of graphs 

r(u) = {(x, u(x)) | x € ft} 


of suitable functions x/, : ft —>• M, and subject to a boundary condition. We therefore consider 


W 7 ( u) := 

w 7 (r(u)) 

:= - [ H 2 yft + Vu 2 dx - 7 [ K ^l + \X7u\ 2 dx 

( 1 ) 



4 Jn Jn 


either in the classes 

{u : 

h^ K;u = „, (L = iL ona[i} 

av ou 

( 2 ) 

of clamped graphs or 


{u : ft — y M : u = ip on 9ft} 

(3) 


of hinged graphs, respectively. According to |Nit,93j . 7 € [0,1] is a physically relevant condition, 
which implies that \H 2 — jK > 0. We expect that this condition-among others-will be needed to 
ensure regularity of a minimiser of W- y . For the compactness and lower semicontinuity properties 
stated in the present paper, however, we allow for arbitrary 7 € R. 

In order to explain the notion of Dirichlet and Navier boundary value problems for Willmore 
surfaces let us assume that we have a smooth minimiser of W - y in the class d 2 j) or ([3]) , respectively. 
In the first case, i.e. considering a minimiser in the class of clamped graphs, one would have a 
solution for the Willmore equation 


\ V{U) H + 2H(^H 2 - K) 


under Dirichlet boundary conditions 

u = <p, 


du d(p 
du dv 


= 0 in ft 


on 9ft, 


(4) 

(5) 


see [ Nit,931 (25)]. Here Ap( u ) denotes the Laplace-Beltrami operator on r(it) with respect to the 
first fundamental form. According to Remarks |T] and [2] below the shape of ft and the Dirichlet 
data J5]) completely determine JqK yT + [Vu ] 2 dx. So, in order to solve the Dirichlet problem, 
the parameter 7 does not play any role and without loss of generality we may restrict ourselves to 
minimising Wo. 

Let us assume now that u is a smooth minimiser for VF 7 in the class ([3]) of hinged graphs. Such 
a minimiser then solves the Willmore equation 


A r{u) H + 2 h(^H 2 -K) =0 in ft 

2 For simplicity we call W 1 Willmore functional also for 7 yl 0. 


O 


2 










under Navier boundary conditions 

u = tp, H = 2y k/v on <9D. ( 6 ) 

Here, kn denotes the normal curvature of the boundary curve <9r(u) with respect to the upward 
pointing unit normal vector field N := —^== ^ (—Vu, 1) of r(tt). The second boundary condition 

H = 2y kjv arises as a natural one due to the larger class of admissible comparison functions, see 
[Nit93 , (32)]. The case 7 = 0 , i.e. prescribing H\qq, = 0, is special since here one may just seek 
solutions of the minimal surface equation subject to the boundary condition u\qci = <p\ath see e.g. 
[GTOll Sect. 14] or [Giu84] . A recent paper by Bergner and Jakob |B.l 14] ensures that one even 
does not miss solutions when using this approach. 

These observations motivate speaking of Dirichlet and Navier boundary conditions in Sec¬ 
tions o and 15.21 respectively, although we do in general not expect sufficient regularity of the 
solutions constructed in Theorem [5] and Remark [4] to solve the above mentioned boundary value 
problems in a classical sense. 

Schatzle [Sell 10) solved the Dirichlet problem for Willmore surfaces in the very general context 
of immersions in § 3 . This approach, however, does not give easy access to more detailed geometric 
information on the solution. In particular, even in the case of rather simple and regular bound¬ 
ary data it is not obvious how to single out graph solutions under suitable assumptions on the 
data. Concerning classical solvability of boundary value problems for the Willmore equation un¬ 
der symmetry assumptions one may see [BDF13, DDW13, DFGS11, DG07] and references therein. 
According to |Da HU, for strictly star-shaped H and p = 0 , the constant function u = 0 is the 
unique solution to the Dirichlet problem. Due to the strongly nonlinear character and the lack of 
convexity of this problem we do in general not expect uniqueness; numerical evidence is given in 
[DKS13] . 

We remark that many papers have dealt with closed Willmore surfaces (compact without bound¬ 
ary); we mention only [BK031 i~Sim93] for existence of (minimising) Willmore surfaces of any pre¬ 
scribed genus. Further information can also be found in the lecture notes |KS12] and the survey 
article [MN14j on the recent proof of the Willmore conjecture. 

1.2 Main results 

In our work the major benefit of working with graphs, i.e. using a non-parametric approach, is 
the validity of a-priori diameter and area bounds which are not available in the general parametric 
setting. More precisely, the corresponding result (see Section [3] below) reads as follows: 

Theorem [2j Suppose that u € H 2 (Q) satisfies u — p € Hq(Q). Then there exists a constant C 
that only depends on D and IMIw 2 ’ 1 ^) such that 

sup |u(x)| + f \J\ + |Vtt(x )| 2 dx < C(Wq(u ) 2 + 1 ). 
xGfl J Cl 

We will also present several examples that in particular demonstrate that no a-priori bounds 
in 1F 1 ,P (D) in terms of the Willmore energy are available for any 1 < p < 00 . Unlike the axially 
symmetric setting (see e.g. [DFGSllj ) we have further not yet succeeded to modify minimising 
sequences such that they obey stronger bounds than in Theorem [2j 

Our main results are stated in Theorem [3j We show that sequences (uk)k eN C H 2 {fit) with 
uniformly bounded Willmore energy and obeying the boundary condition [v,k — p) £ Hq (D) have 
L 1 (D)-convergent subsequences. Limit points belong to BU(D) 0 and enjoy additional 

(weak) regularity properties that allow for the definition of an absolutely continuous contribution 
to the Willmore functional (see Section [4] for details). This contribution then gives a lower bound 
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for the energies of the approximating sequence. For simplicity we state here only a corollary of 
Theorem [3] and assume that the limit point u belongs to W 1 ,:L (f2), which allows to control the full 
Willmore functional. 

Theorem (3f. Let (uk)k eN be a given sequence in H 2 (Ll) that satisfies 

Uk — (f € Hq(LI) for all k £ N and liminf Wo('Ufc) < oo. 

k—> oo 


Then there exists a subsequence k —>• oo and u € BV(fil) n L°°{Li) with 

Uk —^ u in L\Q) (k —>• oo). 


If in addition u € fF 1,1 (fl) then the mean curvature H = V 


Vii 


sense and 


vT+jwp 


€ L 2 (Q) exists in the weak 


- / H 2 \J 1 + |Vit | 2 dx < liminf Wq( uk) 


k—>oo 


holds. 


In order to simplify the presentation, in the remainder of this introduction we restrict ourselves 
to Dirichlet boundary conditions ([5]) and to the case 7 = 0. As explained before, for minimising 
sequences, or more generally for sequences with uniformly bounded Willmore functional, we do 
not have stronger uniform bounds than those in Theorem [2j So, the regularity of limit points can 
at a first instance not be proved to be better than L°°(Q) n BV(Q). On this space, however, the 
Willmore functional is not defined in the classical sense and we therefore introduce the L 1 -lower 
semicontinuous relaxation of the Willmore functional: 

W : L 1 (II) — > [0,oo], W(u ) := inf{liminf Wo(uk) : M. 3 Uk -» u in L 1 (17)}, 

fc—> OO 

where 

M := {v€H 2 {Q) :v-v£H$(n)}. (7) 

For geometric curvature functionals such relaxations are well established, see e.g. ]AM()3! FBDMP931 
IBM04] and the references therein. One advantage is that lower-semicontinuity properties are im¬ 
mediately obtained; on the other hand, a more explicit characterisation of the relaxation is often 
difficult. However, we prove in Theorem [4] that Wo and W coincide in A4, so that W is actually 
an extension of Wo. 

As a corollary of Theorem [3] we are able to prove existence of a minimiser for the extended 
functional W: 

Theorem [5]. There exists a function u € BVifil) n L°°(Q) such that 

VrGi 1 ^): W(u)<W{v). 

The regularity properties stated in Theorem [3] are in particular satisfied for any function u € 
L 1 (II) with W(u) < oo and so, for the minimiser constructed above. Furthermore, in Proposition [2] 
we prove that W (u) < oo not only allows for defining a generalised Willmore functional (or rather 
the absolutely continuous part), but also encodes attainment of the boundary conditions ©. 

The proofs of these results all heavily rely on the area and diameter bounds provided by The¬ 
orem [2j Together with the boundedness of the Willmore energies this yields sufficiently strong 
compactness properties for several //'-bounded auxiliary sequences such as qk = (1 + |Vufc | 2 )~ 5 / 4 
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and Vk = Q'fcV'Ufe. In particular we are able to deduce that for limits u E BV(Vt) D L°°(n) as in 
Theorem [3] that v = q\7u holds as vector-valued Radon measures, for v,q E H 1 ^). Moreover, 
the set {q = 0} describes the set where the graph of u may become vertical. Our results then are 
deduced by exploiting several fine properties of Sobolev and BV functions. 

Restricting ourselves to the graph case -i.e. working in the non-parametric framework- allows 
to use relatively elementary tools (compared to the use of geometric measure theory methods in 
the parametric case), but on the other hand introduces additional difficulties that are due to the 
particular choice of parametrisation and are in particular related to the possible occurrence of 
vertical parts of the graph when passing to a limit. The condition of being a graph imposes an 
obstruction to the class of admissible “surfaces”. Minimising the Willmore functional in this class 
means solving a kind of an obstacle problem, as long as one cannot prove C^-estimates or C 1 - 
regularity: We expect our minimiser to solve the Willmore equation on the non-vertical parts of 
the graph while this can in general not be expected on the vertical parts. Functions having vertical 
parts lie somehow on the “boundary” of the set of admissible functions since some variations would 
result in surfaces which are no longer graphs but could possibly nevertheless have smaller Willmore 
energy. We think that extra conditions on the data Q, ip, and 7 will be needed to prove that our 
minimiser is indeed smooth and attains the boundary conditions in a classical sense, but such a 
characterisation is out of the scope of the present paper. 

The paper is organised as follows. In the next section we first state some definitions from 
differential geometry and properties of Sobolev and BV functions, and then prove some basic esti¬ 
mates. Section [3] presents the main a-priori bounds and examples that show that these bounds are 
in some sense optimal. The main compactness and lower-semicontinuity properties are formulated 
and proved in Section |4j The last section derives the implications for the minimisation of the (re¬ 
laxed) Willmore functional and in particular discusses in which sense the boundary conditions are 
attained for functions with finite relaxed energy. Finally, extensions to more general functionals of 
Canham-Helfrich type are indicated. 


2 Preliminaries and basic estimates 

2.1 Differential geometry of graphs 

For a smooth function u : —>• R we let 


r(it) := {(x, u{x)) | x E fl} 


be its graph with unit normal field N 
forms of T(u) are given by 


1 

\A+|V«I 2 


(-Vu,l). 


The first and second fundamental 


(dij ) 


fl + u 2 xl U x lU x2 \ 
\u x iu x 2 1 + u 2 2 ) ’ 


^4 — ( hij ) 



where Q = yjl + |V-u | 2 denotes the area element. The mean curvature and the GauB curvature of 
r(u) are then given by 


H = V 


= -4 (Id — w <g) iv'j : D 2 u, 


I\ = 


Q 

det D 2 u 

Q* 


Q 


= det Dw, 


( 8 ) 

(9) 
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where we have set w := X7u/Q. In particular, the Willmore functional for the graph of u reads 


1 


WJu) = - H 2 v 7 ! + |Vu | 2 dx- 7 / K ^1 + |Vu | 2 dx 


4 Jn 

i r 


in 


IV- 




det D 2 u 


dx. 


^ Jn' V Q y ^ ' 7^ Q 3 

Mean curvature, Gaufi curvature and the length of the second fundamental form 

2 

14* = E 9 ij g k %kh je = tr (g-'Ag-'A), (g ij ) = { gij )~\ 
i,j,k,£=l 


are related by the formula 


\A\ 2 = H 2 - 2 K. 


( 10 ) 


( 11 ) 


2.2 Functions of bounded variation and fine properties of Sobolev functions 

We denote by B r (x ) for x E K", r > 0 the corresponding open ball, by C n the n-dimensional 
Lebesgue measure and by % k the fc-dimensional Hausdorff measure. We set |v4| = C n (A) for 
d C R". The precise representative of a function u E L 1 1 oc (M n ), 


u*(x) := lirn + u(y)dy, 

NO J B r (x) 

is well-defined almost everywhere, where we have used the notation ^ u := 
Lebesgue points of u are given by all x E M n such that 


id) .I u. The 

J Br\pC) 


lim + |u(x) — u{y) \ dy = 0 . 

NO JBr(x) 


The usual Sobolev spaces are denoted by H ( (Q), t E No, H(dw, 11) denotes the space of L 2 (12,M n )- 
vector fields which have a weak divergence in L 2 (12). For the definition and properties of the space 
H( div, 12) see e.g. jTemOll Chapter 1, Section 1.2]. 

We next recall some basic definitions and properties of functions of bounded variation. For a 
detailed exposition we refer to the book of Ambrosio, Fusco and Pallara [ AFP00] . 

A function u € L 1 (12) belongs to the space of functions of bounded variation if the distributional 
derivatives Dni are given by finite Radon measures on 12. We then write u E BV( 12) and denote 
by Vu the vector-valued Radon measure with components DiU. For u E BV( 12) the total variation 
of Vu is given by 

f |Vu| = sup{ f uV ■ ipdx : p £ Co(12,R n ), H^Hoo < l}. 

J Q 

The measure Vu can be decomposed as 


Vu = V a uC n + V s u = S7 a uC n + V j u + V c u, 


( 12 ) 


where V a u£ n denotes the absolutely continuous part of Vu with respect to £ n , and V s u, V J u, 
V c u are the singular part, the jump part and the Cantor part of Vu, respectively. Letting 

:= {x E 12 : lim g~ n \Vu\(B g (x)) = oo}, Q u := {x E 12 : liminf g 1 ~ n \Vu\(B g (x)) > 0} 
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we have V a uC n = VuL (f2\S U ), = VuL & u , V c u = Vu L (E u \@ u ), see [AFPOOt Proposition 

3.92], The set T, u has Lebesgue measure zero, see [EG92[ Theorem 1.6.1], Moreover, by [AFPOOl 
Theorem 3.78] V% = ( u + — u ~) <8> i' u B. n ~ 1 L J u , where the approximate jump set J u C Q u (see 
jAFPOOl Definition 3.67]) is (n — l)-rectifiable, v u is a Borel unit normal vector field to J u and 
u + ,u~ are the traces of u on J u . The complement S u of the set of Lebesgue points of u is a Borel 
set with £ n -measure zero and satisfies 'H n ~ 1 (S u \J u ) = 0, see jAFPOOl Definition 3.63 and Theorem 
3.78]. 

For a function u € BV(Q) we call x € dQ a Lebesgue boundary point if 

lim-f \u{x) — u{y)\dy = 0 , 

r l°JB r (x) nn 

where f Br (x) no u := TOpif Sbt{x) no M and u ( x ’) is defined in the sense of boundary traces. 

We next recall the notion of capacity and some fine properties of Sobolev functions. We follow 
[EG92j . For A C R n and 1 < p < n the p-capacity is defined as 


Cap p (A) := inf{ f 

Jr* 


|V f\ p dx : f > 1 in a neighbourhood of A, f > 0}, 


where the infimum is taken over all / € L p *(M Tl ) with V/ € L p (M n ,M n ), p* = 

If Cap p (A) = 0 then T-L S {A) = 0 for all s > n — p KG92 . Theorem 4.7.4], 

For a function u € VF 1,p (M n ), 1 < p < n, there exists a Borel set E of p-capacity zero such 
that the precise representative u* of u is well defined on M n \ E and each x € R" \E is a Lebesgue 
point of u* |EG92l Theorem 4.8.1]. Moreover, for every e > 0 there exists an open set V with 
Cap p (E) < e such that u* is continuous on R n \ V. 

We say that / : R n —» R m has an approximate limit at x € M n if there exists a € R m such that 
for every e > 0 


lim l^wmi/--l>e}l = 0> 

GO | B r (x) | 

see [EG921 Section 1.7.2], In this case the approximate limit aplim y _> x f(y) := a is uniquely 
determined. We call / approximately continuous at a: € R n if aplim y ^ x f(y) = f(x). By fZie89l 
Remark 5.9.2] / : R” —>• R m is approximately continuous at x E R n if and only if there exists a 
measurable set E C R n with x E E such that /|_b is continuous at x and the set E has full density 
in x, that is 


\B r (x)C\E\ 
inn —;-— = 1 . 

GO | B r [x) | 

Therefore the products (quotients) of approximately continuous real functions are approximately 
continuous (in all points where the denominator does not vanish). 

We say that / : D —>• R m has an approximate limit at x € dQ if there exists a € R m such that 
for every e > 0 


| B r (x) GDn {]/ — a| > e}| 
GO |R r (a;)nD| 


= 0 . 
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2.3 Basic estimates 


The following result shows how the second derivatives of u are controlled in terms of |A| 2 . 

Lemma 1. Let \D 2 u\ 2 = u 2 1 i + 2u 2 1 2 + u 2 2 2 denote the euclidean norm of the Hessian of u. 
Then 

Qffii |0 2 »W| 2 > \Mx)\l > H_\D\( X )t (13) 

This possibly very strong deviation of |A(x)| 2 from \D 2 u(x)\ 2 is one of the main difficulties in 
deducing a-priori estimates for minimising sequences of the Willmore functional. 


Proof. We have that 


GW)* 


J_f 1 + U l 2 ~ U X lU xA 

Q 2 \~U X 1 U X 2 1 + u 2 xl ) 


—2 (Id +Vu <g> Vr/ J 

w 


is a symmetric positive definite matrix with smallest eigenvalue equal to -X?. One the one hand 
this yields the estimate: 


Vr/ e R 2 : \r )\ 2 > E g lJ (x^iy > . 


hi 


On the other hand we find a uniquely determined symmetric positive definite square root (W (*)) 
of (g l3 (x)), i.e. 

g i ^x) = Y J b lk {x)5 u b l \x). 


kl 


Denoting v ]■ := we see that 


\A\ 2 g = E ^kikkji = E 9 U b im 5 mn b^h lk h jt 


i,j,k,£ i,j,k,£,m,n 

v /'<«».»»” = E 9*A n » 

k,£,m,n k,£,m 


> = E M “> t m K * V r ‘ K , 

k,m i,j,k,i 


Q ■ „ 

i,j,k,C,m,n 


1 

Q 2 


E ^ E (^) 2 = 7^6 E («*»**) 2 = ^6 i ^ V - ( 14 ) 


<5 6 


Q 6 ' 


k,m,n m,k m,k 

As for the bound from above we find by using similar calculations as before that 


\ A \ 2 g < E ( h mkf = 7^2 E ( u x™xA = 7^2 \ d2u \ 2 - 


m.k 


m.k 


Q 2 


□ 

In what follows the geodesic curvature of the boundary curve <9T(u) with respect to the surface 
T (u) will be of some importance. We derive here an explicit estimate and representation that are 
used below. 



Remark 1. We consider u £ H 2 (VL) satisfying (u — ip) £ Hq(Q). Let s ^ F(s) £ <9r(ii) denote a 
positively oriented parametrisation of (a connected component of) the boundary <9T(u). Positive 
orientation means that at any point p £ 9T(u), the determinant of the unit tangent vector, the 
unit co-normal pointing inward to T(u) and N(p ) is positive. 

Then its (signed) geodesic curvature is given by 

* 9 (s) = det (Y'(s),Y"(s),N(Y(s))) . 


We take now a positively oriented parametrisation s i—?• c(s) £ <912 of (a connected component of) 
<912 with respect to its arclength so that with the natural unit tangent vector r(s) = c'(s), we 
have that (^(c(s)), r(s)) form a positively oriented orthonormal basis of R 2 . In particular we have 
that v 1 = t 2 , v 2 = —r 1 and t\s ) = — k(s)v(c(s)) with k the (signed) curvature of <90 (being 
nonnegative on the “convex” parts of <90). With a slight abuse of notation we write 


ip(s) = <p(c(s)), 


U v {s ) 


du 

dv 


(c(s)), 


y(s) = (c(s),<p(s)) T 


and find by using u = <p on <912 that 


N(Y(s)) 


1 

V 7 ! + 'p'(s) 2 + u u (s) 2 


/-(tV + t 2 u v )\ 
|-(r V-rV)j 


For the geodesic curvature of <9T(«) we obtain, using r 1 (r 1 )' + r 2 (r 2 )' = 0, 


K g (s) 


-u v {s)(p"(s) + k(s)( 1 + y/(s) 2 ) 

(1 + ip'{s) 2 + Up (s) 2 ) 1 / 2 (! + ip'{s) 2 f/ 2 ' 


This formula shows in particular that the geodesic curvature of <9T(u) as a curve in the unknown 
surface T(tt) can be computed just from its Dirichlet data ©. We observe that the assumption 
u = (p on <912 already allows for estimating 


«sO*)l < 


hA*) I+ !«(») I 

(l + ^( S ) 2 )V2’ 


hence 


[ |K ff (s)|ds< f (|<p"(s)| + \k(s)\) ds. 

JdT(u) Jdfl 


Remark 2. By virtue of the GauB-Bonnet formula 


(15) 




Kgds = 2vry (T(ii)) 


2ttx(I2), 


the integral over the GauB curvature is given by the boundary integral of the geodesic curvature and 
the Euler characteristic %(f2) of the smoothly bounded domain 12 C R 2 . The Euler characteristic 
is defined as usual by means of triangulations. If 12 is m-fold connected, i.e. <912 consists of m 
connected components (12 contains (m — 1) holes), then y(G) = 2 — m. See formula (13) on p. 38 
in [DHSlOj . 

In particular, the total GauB curvature f Q KQdx of a function u £ C 2 (Q) is already determined 
by the Dirichlet boundary condition (0 . 
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In Theorem [2] below we shall deduce maximum modulus and area estimates in terms of integral 
norms of the second fundamental form. In the following lemma we show first how to bound these 
by the Willmore functional, the data and the Euler characteristic y(O) of the smoothly bounded 
domain fl C M 2 . 


Lemma 2. Suppose that u G H 2 (Q) satisfies u — tp G Hq (Q) . Then 


I KQdx < + INIzRdQ) + 2vr|x(n)|, 

n 

[ \A\gQdx < 4Wq(u) + 2 ( 11 ^ 11 ^/ 2 , 1 ( 0 ^) + ||«||ii(an)) — 47 rx( 0 ), 
Jn 


(16) 

(17) 


where ||V^llw 2 , 1 (SJ 2 ) = ||¥> 0 c||w 2 ,i(j) an ^ c ■ I ^ R 2 is an arclength-parametrisation ofdPL. Moreover, 
the functionals Wq and W 7 are closely related: 


\W 0 (u) - W 7 (u)| < | 7 | • (H^ll^.bao) + ||K||z,i(an) + 2vr lx(^)l) • 


(18) 


Proof. Let us first assume that u G C 2 (fi) and u = <p on <90. We use the notation and same 
orientation as in Remark [U According to (U5j) 



K g (s)\ds < [ (|^"(s)| + |n(s)|)ds, 
Jon 


and by the Gaufi-Bonnet Theorem (see Remark [2]) we obtain (1161) and (1181) . We further deduce 
from m that 


\A\ 2 g Qdx = 


H 2 Qdx- 2 


KQ dx = 4Wo(n) + 2 f n g ds — 47 rx(T(u)), 
! Jo r(u) 


(19) 


and as above we deduce (fT71) in the case that u G C 2 { 0). Finally suppose that u G ff 2 (fl) such that 
u — ip G i7g(fl). Then there exists a sequence (rtfc)fceN such that Uk G C 2 (VL),Uk = <p on <90 and 
Uk —>• u in 77 2 (0), k —>• 00 . We deduce from the generalised Lebesgue convergence theorem that 


d^kQk dx 


f det D 2 Uk f det D 2 u 

Jn Q'i Jn Q 3 


K Q dx, 


since dct ^ Uk converges pointwise almost everywhere and since by Qk > 1 we obtain that \D 2 Uk \ 2 

bs k 

is a ^-convergent sequence of dominating functions. This yields (1161) in the general case. 

Since (1171) holds for C' 2 -functions we infer that 



Q k dx < 4W 0 {u k ) + 2 ( 11 ^ 11 ^ 2 . 1 ( 00 ) + IMIlRso)) - 4t rx( 0 ) 


and, with similar arguments as above, passing to the limit yields the result. 


□ 


3 Sequences of graphs with bounded Willmore energy 

3.1 Area and diameter bounds 

The following celebrated diameter estimate of Leon Simon [Sim93] is the starting point of our 
reasoning. 
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Theorem 1 (Lemma 1.2 in }Sim93j ). Let T C 1" be a smooth connected and compact surface with 
boundary. Then there exists a constant C which only depends on n such that 

diam(r) <c(^J \A\ g dS + diam(rj)^), 
where F ; are the connected components ofdT. 

From now on we always work in M 2 . The following result follows from the preceding estimate 
and is the key for establishing a-priori bounds on sequences which are bounded with respect to the 
Wq- or kFy-functional. 

Theorem 2. Suppose that u € H 2 (Ll) satisfies u — <p € Hq (0) Then there exists a constant C that 
only depends on fi and |M|jy 2 ,i(an) such that 

sup |tt(x)| + / Q dx < C(Wq(u) 2 + l). (20) 

xeu Jn 

Examples Q] and [2] below show that it is not possible to obtain uniform bounds in W 1)P {Tl) for any 
1 < p < oo. 

Proof. Let us first assume that u € C 2 (fi) and u = (p on dTl. A careful inspection of the proof of 
|Sim93l Lemma 1 . 2 ] shows that the bound in Theorem [T] holds for r(it) fsee |Gull4] ') so that 

diam(r (u))<c(^J \A\ g dS + diam(<9 r(tt))^ . ( 21 ) 


We note that 


diam(r(?x)) > sup \u(x) — u(y)\ > sup |ri(x) — u(y)\ > sup |rt(x)| — sup |</?(.t)| 

x,y£Ti,x^y x£fl,y£dn x&Vl xGdfl 

while diam(<9r(rt)) < C(l + |Mlc°(c 9 r 2 )) with a constant that depends on diam(fl). Hence we 
deduce from (HD and ([HD that 

8 up|u(®)| < c (f^\A\gQdx+ ||¥>||co(an) + l) + IMIc°(< 9 fi) 

< C((J \A\ 2 Q dx ) 1/2 (J Q dx ) 1/2 + |M| c o (an) + l) (22) 

< C(Wq(u) + l)) 1/2 ( [ Qdx) 1/2 + C, 

Jci 

where C depends on the diameter and the topology of H, IMIw 2 . 1 ^) and II K Hz , 1 (an)- 
Our next aim is to bound J n Q dx. We have 


uH dx = 


= . t Ah 


l a '"Lir) dx —J a Q ix+ L q 


. du 


ds 


= - [ Qdl+ f L dx+ [ 'if 

Jci .!n V Jdn v 


ds. 


This integration by parts is the place where we essentially exploit that the surface L(it) is a graph. 
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Combining this relation with (122[i we deduce 

[ Qdx < \n\ + \\ip\\ L i( dn) + \n\ 1/2 sup\u(x)\( [ H 2 Qdx) l/2 

< C + c[(W 0 {u) + \) 1/2 (j Q dx) 1/2 + 1^ Wo (it) 1/2 

< — [ Qdx + C(W 0 (u) 2 + 1). 

2 Jn 

Inserting this estimate into (|22l) yields (1201) for u € C 2 (n),it = on dQ. The general case is 
obtained with the help of an approximation argument as in Lemma [2j □ 


3.2 Examples: No higher integrability of gradients and singular graphs with 
finite Willmore energy 

In this section we present some illustrative examples. We demonstrate that the Willmore energy of a 
function u does not control any L p -norm, p > 1, of Vu. Furthermore, we give examples of functions 
u that are only in BV(£l) \ W 1,1 ^) but for which r(u) describes a smooth surface. These functions 
can be approximated in L 1 (fl) by smooth functions with uniformly bounded Willmore energy. In 
particular, the estimates on diameter and area obtained in Theorem [2] are in this sense optimal, 
and sequences with uniformly bounded Willmore energy may T 1 -converge to limit functions that 
are not even in IF 1 , 1 (fl). 

In order to construct appropriate examples it is well known that logo log is a good ingredient, 
see for example [Fre73l 1HM861 lTor94j . and that in particular H 2 (Q) yb VF 1 , 00 (fl). But we even 
can show a bit more: In spite of the non-homogeneous form of the Willmore energy, we may have 
unbounded gradients and arbitrarily small Willmore energy at the same time. 

Example 1 f |Tor94| ). Let = B := -Bi(O) be the unit disk. We consider u : B —» M, which is 
smooth in B \ {0}, satisfies homogeneous Dirichlet boundary conditions u = d v u = 0 on dB, and 
u(x) = x l log(| log(?’)|) for r = |x| close to 0. Then, close to 0 we have 

|Vu|(x) = |log(|log(r)|)|+0(1), \D 2 u\(x) = 0(—— - —y) 

r | log r | 

and therefore u € Hq(B) \ W 1,00 (B). 

For e | 0 we consider su: 

A u 3 Vu • D 2 u ■ (Vii) T 

[£UJ = £ (l + e 2 |Vu| 2 ) 1 /2 “ 6 (l + e 2|Vu| 2 ) 3 / 2 ‘ 


Up to a factor 2, a majorising function for H[eu] 2 ^/l + £ 2 |Vu | 2 is given by 


(A-u ) 2 


|Vu | 4 • \D 2 u\ 2 


I D 2 u 


2„,|2 


+ £ u d ,n,Ao < £ 2 (A u) 2 + £ 2 —- ' — 777 < Ce 2 \D 2 u\ 2 


(1+ £ 2 |Vu| 2 )V2 (1 + £ 2 |Vu| 2 ) 5 /2 


(1 + £ 2 |Vu| 2 )V2 


Hence 


while at the same time 


lim Wo(eu) = 0, 


V£ > 0 : sup£|Vu(x)| = +oo. 

X€iB 


This means also that even for the trivial Willmore surface (x, y ) 4 0we find a minimising sequence 
with unbounded gradients. 


12 

















Next we give an example of a function u £ Vf Al,1 (fl) \ H 2 (Q) such that T('u) is smooth as a 
surface. In this example the singularity is purely analytical, introduced by the specific choice of 
parametrisation as graph. This example shows further that for p > 1, no fH 1,p -norm may be 
estimated in terms of the Willmore energy. 

Example 2. We choose an odd integer k £ 2N + 1 larger than or equal to 3. We consider a 
nonincreasing function h £ C°([0, 2]) n C°°([0,1) U (1, 2], [—1,1]) with 

( 1 for r € [0,1/2], 

h{r) = < sgn(l — r)|l — r\ l / k for r £ [3/4, 5/4], 

(-1 for r£ [3/2,2], 

As a curve r e+ (r, h(r )) in K 2 , it is C'°°-smooth, because close to 1, h is the inverse of the analytic 
function h H > 1 — h k . On the other hand, as a graph, close to 1 the singularity of h' is of order 
|1 — 7-| _1 + 1 / fc and the singularity of h" of order |1 — r ^~ 2 + 1 / k . This means that h has a weak first 
derivative but not a weak second derivative. 

The same applies to the graph of the radially symmetric function u : -62(0) —>• [—1,1], u^x 1 , x 2 ) = 
/i(|(x 1 , x 2 )|) and yields that u £ W 1,1 (B 2 { 0 ))\H 2 (52(0)). We even have that u 0 W 1 ’ k ^ k ~ 1 \B2(0)). 
Observe that may become arbitrarily close to 1. However, since T(u) is compact and smooth 
as a surface, its Willmore energy is well defined and finite. 


Example 3. It is also possible to introduce in the previous example a vertical piece and to obtain 
a surface that is not a graph, but that can be approximated by smooth graphs with uniformly 
bounded Willmore energy: Cut the surface in Example [2] along the circle where u has infinite 
slope and insert there a cylindrical part. This can certainly be L 1 -approximated by a sequence 
(^fc)fceN C M with uniformly bounded Willmore energy, but u £ BV{Q) \ lT 1,1 (n). Note that the 
limit of the graph functions is a HH-function with a non-vanishing jump part and that at its jump 
points also the absolutely continuous part V a u of the gradient blows up. 

In the next example a function u £ IT 2,1 (fl) \ is constructed such that its graph has 

bounded Willmore energy. Here the singularity is independent of the parametrisation of T(it) and 
therefore a “real” geometric singularity. 

Example 4. We consider VL = B \= !?i(0) and a function u £ Cq(Q) n C°°(n \ {0}) such that for 
r = |x| close to 0: 

u(x) 

U x l(x) 

U x 2(x) 

V'x 1 x 1 (®) 

^'x 1 x 2 (®) 

^ x 2 x 2 (*^) 


= x 1 (— logr) 1//2 , 

= (- log r) 1/2 - log r)~ 1/2 = (- log r) 1/2 + 0(1), 


x l x 2 
2 r 2 


(-logr) 1 / 2 = 0(1), 


-^2(- lo s r ) 1/2 + ^(- lo s r ) 1/2 - ^r(- lQ g r ) 3/2 - 


r 

( logr) -1/2 + ^ \ X (-logr)~ 1/2 - * (-logr)~ 3/2 , 


2 r 2 


4r 4 


-^(- lo § r ) 1/2 + ^ % ~ (-!og0 1/2 ~ J 4^ (~ lQ g r ) 3/2 • 


Concerning the asymptotic behaviour for r|0we have in view of H[u\ 


A u V u- D 2 u -(V u) T 

(1+IVul 2 ) 1 / 2 (1+1 Vu| 2 ) 3 / 2 
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and \H\ < 


|Vit| = (-log?’) 1 / 2 + 0(1), Q = (- logr) 1//2 + 0(1), 


\D 2 u\ = O 

h 2 q < c 


D 2 u \ 2 = O 


r-\/(— log r) J ’ 


1 


r 2 1 log r | 


I /^ 2 7/ I 2 

2/n ^ n\ u u \ = q 

Q 


2 |logr | 3 / 2 ) € Z ' 1 (- B i/ 2 (°))- 


(23) 

(24) 


The second derivatives of u are locally integrable around 0 and so, exist as weak derivatives in the 
whole domain B, such that we even have u E W 2,1 (B) C W 1,1 (B). Thanks to (1241) we see further 
that Wq(u) < oo. However, u 0 H 2 (B). To this end we show that u x i x i 0 L 2 (B). We observe that 


X !->• — 


(x 1 ) 3 

4r 4 


(— log r) 3 / 2 


€ L 2 (H 1/2 (0)), 


while 


x i—>• 


'^2 ("log r ) 1/2 + ^-(-logr) x / 2 


(x 1 ) 2 /3 (*'c 1 ) 2 \ 2 > (x 1 ) 2 

r 4 (—log?’) \2 r 2 ) — 4r 4 (—log?’) 


The latter function is not in L 1 (H 1/ / 2 (0))- Otherwise, one would have also that x i— 
L 1 (.61/2(0)) and so that x H- = 4r 2 ^ logr) G L 1 (H 1/2 (0)), a contradiction. 


> 2 ) 2 p 

4r 4 (— logr) 


This shows 


that (1231) displays the precise asymptotic behaviour of D 2 u close to 0. 

Finally, r(tt) is not a C' 2 -smooth surface because the curvature of the curve 1 1->- (t, 0, u(t, 0)) is 
given by 


^'X 1 X 1 (^1 0 ) 


2 - 


iog 14 


2 - 


log |t| 


(1 + u x i(t, O) 2 ) 3 / 2 4f log \t \( log \t\ - ict ) 3/2 —4t(log |t|) 2 (1 + 


4(log |t|) 


r)3/2 


and becomes unbounded and so undefined for t 0. 


4 Compactness and lower bounds for energy-bounded sequences 


When we consider minimising sequences for the Willmore functional of graphs (subject to appro¬ 
priate boundary conditions), or more generally sequences with uniformly bounded Willmore energy 
Theorem [2] shows that BV fl L°° is a natural space, where uniform bounds hold. In particular, 
such sequences are precompact in L 1 . For this reason it is useful to study the behaviour of the 
Willmore functional with respect to ^-convergence. However, as the examples of the previous 
section indicate, limit points need not remain in H 2 (£l) and even can have an L 1 -limit with jump 
discontinuities, which results in vertical parts in the boundary of the corresponding sublevel-sets. 
This leads to substantial difficulties in the analysis. Nevertheless, we derive below some additional 
(mild) regularity properties and control the Willmore energy of the absolutely continuous part of 
limit configurations. 

To introduce an appropriate generalised formulation consider for u € BV(Q) the absolutely 
continuous part V a rt E L 1 (H) of the Revalued measure Vtt, set Q a := sj\ + |V a tt| 2 and define the 
absolutely continuous contribution to the Willmore energy as 


WZ 


,u := 




OO 


■f V a u 
Q a 
else, 


E Ff(div, fi) and the integral is finite, 


(25) 
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where the space H( div, 0) of L 2 {fil, M 2 )-vector fields with weak divergence in L 2 (Ll) was introduced 
in Section 12.21 

In the next theorem we prove our main lower bound and compactness results. For energy- 
bounded sequences in H 2 (Ll) that satisfy a suitable boundary condition we show that there exists 
a Zd-convergent subsequence. The limit belongs to BV(fiV) n L°°(fi), the absolutely continuous 
contribution to the Willmore energy is finite and obeys an estimate from above. In particular, 
if the limit is already a IT 1 , 1 (n)-function the full Willmore functional is controlled. This also shows 
the Zd-lower semicontinuity of Wo in H 2 {fil) (subject to prescribed boundary conditions). 

Theorem 3. Let (n/ c )/ cg pj be a given sequence in H 2 {Li) that satisfies u k — € Hq(LI) for all k E N 

and 

liminf Wo(rtfe) < oo. (26) 

k—tO O 

Then there exists a function u € BV(Ll ) n L°°(Q) with ^“ € H (div, f2) such that after passing to 
a subsequence 

Uk —» u in L 1 (I2) (k —»• oo) (27) 

and 

Wq(u) < liminf Wo(ufc). (28) 

k—> OO 

In particidar, if u € H 2 (Ll) then 

Wq{u) < liminf Wo(u k ). (29) 

Jz —^OO 

Moreover, in a sense made precise in Proposition [3l it is proved there that the trace of u on dLl 
satisfies 'H 1 -almost everywhere on {(Q a ) -1 > 0 } n dQ the boundary condition u = ip. 

A related lower semicontinuity result in the context of integral currents was proved by Schatzle 
|Sch09] . The area bound required there is in our case satisfied thanks to Theorem [2j and therefore 
(1291) could also be deduced (with some additional work) from jSch09l Theorem 5.1]. However, we 
prefer to give a self-consistent proof within the context of graphs, with the advantage that more 
elementary arguments apply, compared to Schatzle’s approach. 

Proof. There exists a subsequence, again denoted by (uk)k&n, and a constant M > 0 such that 

Wo(^)^liminfWo(^) and Wo(itfc) < M for all k € N. (30) 

k—> oo 


Theorem [2] implies that 

I'u-fcllc’ 0 (q) < C, j Qk dx < C uniformly in k G N. (31) 

By the compactness theorem in BV [ AFPOQ i, Theorem 3.23] we deduce that there exists a function 
u € BV(Q) and a subsequence k —> oo such that (1271) holds. By (l3T|) we also have u € L°°(H) and, 
possibly after passing to another subsequence, we obtain 

Uk —^ u strongly in L P (Q) for any 1 < p < oo, and a.e. in H. (32) 

Furthermore, we deduce from (fl3l) . (fT71) . and (l30l) that 

dx < J \A k \ 2 Q k dx < C. (33) 


f \D 2 u k \ 2 
Jn Ql 
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Here we made use of the boundary condition u k — ip € Hq(£1). We consider the bounded mappings 

^ = Qp = (l + |Vn fc | 2 )5/4’ qkVuk = ^f VUk = (l + |Vn fc | 2 )5/4 Vufe - 

We have 


dm 


diV k 


5 ^ d £ u k djdgUk _ \P 2 u k \ 

2 ^ (1 + |Vw fc | 2 ) 0 /4 “ 1 (1 + |Vu fe | 2 ) 7 / 4 


(dm)Vuk + qk diVu k = 0( 


D 2 u k 

qT 


o( 


\D 2 u k \ 

qT 


By (1331) one has uniform boundedness of (q k )k£N and ( Vk)keN in H 1 ^). Hence one finds q, v E 
such that, after passing to a subsequence, 


Qk q, v k ^v in H l (Q), (34) 

qk —>• q, Vk —> v in any L P (H), 1 < 77 < oo, and almost everywhere in Q. (35) 


From now on we fix precise representatives for q k ,v k , fc € N and g, v. By |Eva90l Theorem 7, 
Section l.C] there exists a subsequence k —»• oo and for every to G N an open set C H with 
Cap 3 / 2 (E m ) < 777 (the choice of | here and in the following is for convenience, any exponent in 
(1,2) instead of | works as well) such that 

qk —>• <7, Vk ^ v uniformly in O \ E m . (36) 


This yields for E = that 

qk —>• q, Vk —>• v pointwise in Q \ E. (37) 

Since Cap 3 / 2 (E) < Cap 3 / 2 (E m ) for all to g N by jEG92t Remark in Section 4.7.1] we conclude that 
E has |-capacity zero and thus satisfies 1-L l (E) = 0, see [EG92, Theorem 4.7.4], 

Due to the uniform area bound (13T1) . (1371) and Fatou’s Lemma we deduce that 

C > lirninf [ Q k dx > [ liminf(gfc) -2//5 dx = [ q~ 2 ^ 5 dx. (38) 

k ^-°° Jn Jn k ^-°° Jn 

This shows that q ~ 2 / 5 G L 1 (H), in particular 

q > 0 almost everywhere in f2. (39) 


We next claim that 

v C 2 = qVu as Radon measures on fh (40) 

To prove this, consider any r/ G C'q°(H,M 2 ). Making use of (|32D and so in particular of the C°- 
bounds for Uk we obtain: 


/ rj ■ v dx 

Jn 


= / 77 ■ v k dx + o(l) = / q k r]-Vukdx + o( 1 ) 

J J Q 

= -J (div 77) ^ dx- f (77 • Vq k y(uk-u), dx 

—>q in L 2 —in L 2 0(1) in L 2 —^0 in L 2 

- / (7777) • Vitx- dx + o(l) 

Jn 

in L 2 

= — (div rj)qu dx — / (77 • Vg) u dx + o(l) 

Jo 

= — uV ■ (qrj) dx + o(l). 

Jn 


(41) 
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For the right-hand side we claim that 


- / uV 
Jn 


(rjq) dx = / rjq-d{S7u). 
Jn 


(42) 


In fact we can approximate r]q strongly in Hq (12) by a smooth sequence (we)e^ that is uniformly 
bounded in £7° (12). As above we deduce that there exists a set E C 12 with |-capacity zero and 
thus (see above) with % l (E) = 0, such that W£ —>• rjq everywhere in 1 l \ E. Since |Vu|(S) = 0 by 
[AFP001 Lemma 3.76] we have W£ — >• rjq in |Vu|-almost every point and deduce from Lebesgue’s 
dominated convergence theorem that 


Jn 


u V • {rjq) dx 


- lim / uV 
e^oo ,/c 2 


W£ dx 






which proves (142|) . From (HIT) . (1421) we deduce (140l) . We next show 


v = qX7 a u almost everywhere in 12, 
q\7 s u = 0 as Radon measures on 12. 


(43) 

(44) 


To prove these properties we first obtain from |Sim831 Theorem 1.3.5] that for every k G N there 
exists a set B & with \Bk\ = 0 such that for any xp G {|V a u| < k} \ B & 


lim 

rtO 


B r (x o) D {|V a u| > k}\ 
I B r (xq ) | 


= 0. 


This implies that for almost every xp G 12 


lim 

r^O 


B r {xo) n {|V a it| > |V Q ul(x 0 ) + l}| 
\B r (xp)\ 


= 0. 


(45) 


Next we deduce from [Magi 2\ Corollary 5.11] and [EG92 , Theorem 1.6.3, Corollary 1.7.1] that 
almost all xo G 12 are Lebesgue points of both V a u and q, and that Vu is absolutely continuous in 
almost every xp, i.e. 


lim f d(\7u) 
NO JB r (xo) 


lim 

r^O 


V s ul(R r (x 0 )) 
I B r (xq ) | 


lim -f |V a u(x) — V a u(xo)| dx 
NO J Br {xo) 


lim + | q(x) — (7(xo)| dx 

NO J Br {xo) 


V a u(x 0 ) G M 2 , 

0, 

0, 

0. 


(46) 

(47) 

(48) 

(49) 


To prove (1451) we therefore can restrict ourselves to xp € 12 such that are satisfied. We 
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then compute 


< 


< 


< 


-f qd(Vu) - q(x 0 )-l d(Vu ) 

J B r (xQ)) J B r (x o) 

/ \q(x) - q(xo)\d\\7u\(x) 

J B-p{x o) 

/ |g(x) - g(x’ 0 )||V a u|(x) dx + -l d\X7 s u\ 

J Br(x o) J B<p(x o) 

(|V a 'u|(x 0 ) + 1)/ |g(x) - g(x 0 )| dx 

J B r (xo) 

V a u(x)-V a u(x 0 )\dx 


+ 


+ 






■(*o)| Jh 

2—f 


(*o) 

Sr(*o)n{|V“ti|>|V“«|(xo)+l} 


B r (xo)n{|v a u|>|v a M|(xo)+i} 


| V a it(£o)| dx + 


/ d|V s 

J B r (x o) 


—>• 0 for | 0 

by (USD,®,(USD and (17D) . This shows (q'Vu) a (x o) = g(xo)V a u(xo) and implies by (PTOl) that almost 
everywhere in 17 


v = ( qVu) a = qV a u 

holds, which gives (1731) . We further deduce from (17U1) that 

0 = (q’VuY = qVu — ( q\7u) a = q\7u — q\7 a u = qS7 s u, 
and therefore (1441) holds. 

Finally, we claim that there exists a set E\ of |-capacity zero such that V a tt has an approxi¬ 
mately continuous representative on {q > 0} \ E\ that satishes 

V a u = q~ l v in {q > 0} \ E\. (50) 

In fact, by [ EG92 . Theorem 4.8.1] hrst there exists a set E\ of 4-capacity zero such that 11 \ E\ 
only consists of Lebesgue points of both q and v. Therefore q,v are approximately continuous in 
11 \ E\ and by (l43j) and the properties of approximate continuity stated in Section 12.21 we see that 
the approximately continuous representative of V a rt is well-defined in {<7 > 0} \ E\ and that (1501) 
holds. 

Enlarging the set E from (1371) by E\ we conclude that 

1 1 

Vuk = —Vk —> -v = V a u in {<7 > 0} \ E, (51) 

qk q 

Qk = s/1 + |Vu fc | 2 -> Vl + |V“w | 2 = Q a in {7 > 0 } \ E, (52) 

where Cap 3 / 2 (E?) = 0 . Using (13U1) we deduce that 

I Q a dx < lim inf j Qk dx < C. 

We next discuss convergence properties of the mean curvatures Elk = div k 6 N. In view 

of (1301) we have that 

[ H\dx< [ HlQk dx < AM. 

J J Q 
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Hence there exists H a E L 2 (H) such that after passing to a subsequence 

H k LP in L 2 (H). 

By Lebesgue’s theorem we further deduce for any ( E Cg°(f 2 ) 


iPCdx = lim f H k (dx = - lim [ ^ • VC = - [ ^ 
in k ^°°Jn k^-oo Ja Qk Jn Q a 


■ VC dx , 


where we have used that is uniformly bounded and converges pointwise a.e. to by 


(I5T1) and (f52l) . This shows that E H( div, fl) and that 


Q a 


Q a 


\7 a u 

div —— = H a weakly, 

v 


We next claim that even 


H k y/\Q~ k H a ^ in L 2 (H). (53) 

By (f30l) there exist / E L 2 (fl) such that after passing to a subsequence 

H kk /Q~ k - / in L 2 (H). 

Moreover, we have for any C € C^°(H) that ^1 — C -> 0 almost everywhere and so, by 

Lebesgue’s theorem and < \JQ°. in L 2 (ft). Hence 


C (H k y/Q~ k -H a y/Qt) 


dx = 


0(1) in L 2V ~ 

0 for k —^ oo. 


VQkJ 

““S' 

0 in L 2 


(dx + j C VQ“ {H k - LA) dx 

Si 2 ->• 0 in L 2 


We conclude that for all C € Cq°(Q) 

f C (/ - ^ a \/Q“) dx = hm J C dx = 0. 

This proves that / = H a y/Q^ and so finally (j53j) . 

The weak lower semicontinuity of the L 2 -norm eventually yields 

Wq{u) = — [ (H a ) 2 Q a dx < -lirninf f H k Q k dx = lim inf Wo (u k ) 
4 Jn 4 fc->oo Jq fc^-oo 

as claimed. 


□ 


We next show that in iP(fi) subject to a suitable boundary condition we have continuity of 
the total Gaufi-curvature with respect to L 1 -convergence. Together with (|18l) and Theorem [3] this 
implies lower semicontinuity as in (1291) also for W 7 , 7 E R arbitrary. 

Proposition 1. Suppose that Ll is C 3 -smooth and that E C 3 (H). 

Let u k ,u E H 2 ( fl) satisfy u k — ip E iLg(J2). Let A"*, and K, resp., denote the Gaufi curvatures 
of their graphs. Then 

u k —^ u in L 1 (H), supH / o(rtfc) < 00 


fceN 


implies that 


f 

Jn 


KQdx= lim / K k Q k dx. 


k—yoo 


(54) 
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Proof. We shall first collect a number of equivalent representations for the total curvature which 
are convenient in different situations we have to deal with. We use the notation from Remark Q] and 
assume the boundary 50 to be parametrised by arclength, <p'(s) and ip"(s) have to be understood 
correspondingly. According to Remarks Q] and [2] and using an approximation argument we have 


/ 

an 


kq dx - 2«(si)-/ V - 2«x(n> - [ 

Jar( u ) Jan (1 + P (s) 2 + M s ) ) 7 ( 1 + ^'(s) 2 ) 

Vm • z/(s) p"(s) f k(s) 


= 2vrx(n) + f ■ 
Jan 


Q 1 + </?'(s ) 2 


ds — 


/ 

Jan 


Q 


■ ds. 


ds 


(55) 


Thanks to our smoothness assumptions on the boundary data we find a function 


and may proceed: 


a G C 1 (f2) : ct|an = 


A 


l+ <p 


J 2 


Ian 


A"Q dx = 27r\'(0) + / H(x)a(x) dx + 


Vu 

“q“ 


• Va dx — 


J 

Jan 


k{s) 

Q 


ds. 


(56) 


Now, consider a sequence —> u in A x (0) as described in our assumptions. According to the 

proof of Theorem [3] and since u G H 2 (Q) we have after passing to a suitable subsequence 


H k ->■ H in A 2 (0), 

Vufc —>• Vu, Qk^ Q a.e. in 0 , 

Qfc 5/2 = (! + |Vu fc | 2 )' 5/4 - Q - 5 / 2 = (1 + |Vu | 2 )' 5/4 in R' 1 (Q), hence 

Qf 5 ' 2 = (1 + |Vu fc | 2 ) °^ 4 ->■ Q ^ 5 / 2 = (l + |Vu| 2 ) 5 ^ 4 in L 2 (50), hence 

Qfc 5/2 = (! + |Vrtfc | 2 )~ 5/4 -> Q " 5/2 = (1 + |Vu | 2 )~ 5/4 A 1 -a.e. on 50. 

One should observe that thanks to u k ,u G A 2 (0), we also have Vu|an G A 2 (50) and in 

particular that |Vufc| < oo, |Vu| < oo A 1 -a.e. on 50. We conclude that 

Qk = y/l + |Vrifc | 2 —> Q = y / 1 + |Vii | 2 A 1 -a.e. on 50. 

Making use of Lebesgue’s theorem and observing that < 1 and J- < 1, this yields 


K k Qkdx = 2vr\(0) + f H k (x)a(x)dx+ [ 

: an hA 

Vu 


Vadx — 


27ry(0) + / H(x)a(x)dx+ I -^-f-Vadx— . ^ 

Jn Jn Q Jan Q 


L 


L 


«(«) 

an Qfc 

«(s) 


ds 


ds 


AT Q dx. 


Since the previous reasoning can be carried out for any subsequence we have also convergence of 
the whole sequence. □ 


5 Minimising a relaxed Willmore functional in L\Q) 

5.1 Dirichlet boundary conditions 

In what follows we always assume O C K 2 to be a bounded C 2 -smooth domain and fix a boundary 
datum ip G C 2 (0). 
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To model Dirichlet boundary conditions d5J), i.e. 

du dip 

u = ip and — = — on oil, 
a v on 

we consider the set 

At := {u € H 2 {Q) : (u - <p) € 

As mentioned before (see Remark [21) in this situation it suffices to consider the original Willmore 
functional Wo since the total Gaufi curvature is completely determined by the data. 

Following Ambrosio &; Masnou [AM031 Introduction & Section 4] (cf. also JBDMP931 lBM04j and 
references therein), we define the L 1 (n) lower semicontinuous relaxation of the Willmore functional: 

W : L 1 (II) -» [0, oo], W(u) : = infjliminf Wo (it*) : At 3 u,k -» u in L 1 (J7)}. 

k—yoo 

We remark that such approximating sequences always exist. However, their Willmore energy may 
not be bounded and oo will certainly be attained by W for some u E L 1 (n). From the area 
and diameter bound we however obtain that any u E L 1 (II) with W(u) < oo belongs at least to 

W(fi)nL°°(fi). 

One should observe that the Dirichlet boundary conditions are not encoded in the domain 
of definition of W but implicitly included by restricting the class of approximating sequences to 
functions that satisfy the boundary conditions in H 2 (D). We will prove below that W(u) < oo 
implies attainment of the Dirichlet boundary conditions in an appropriate weak sense. 

We show first that W and Wo coinicide on At. 

Theorem 4. For u E At one has W{u) = Wo(u). 

Proof. For all u € At the inequality Wq(u) > W(u) is obvious by definition. To prove the opposite 
inequality take any sequence (uk)k&n C At with iik —» u in L 1 (D) and luninf/,.^,*, Wo(uk) < oo. 
By Theorem [3] and since u € H 2 (Pl) we deduce 

Wo(u) = Wq(u) < liminf Ho(ttfc). 

fc—> OO 


This yields Wo{u) <W(u). □ 

In the following proposition we discuss the implications of finiteness of W{u). 

Proposition 2. Suppose that W(u) < oo for some u E L 1 (D). Then 

X7 a u _ 

u € W(D)nL°°(D), —— E H(div, D) and Wf(u)<W(u) (57) 

Q a 

holds. Moreover, both the trace of u and the absolutely continuous representative of \7 a u are well- 
defined P 1 -almost everywhere on 80, and satisfy the Dirichlet boundary conditions (JSJ) PL 1 -almost 
everywhere on DPI. 

Proof. Let u E L 1 (D) satisfy W(u) < oo. Then there exists a sequence (uk)k£N C At such that 
Uk —>• u in L 1 (D) and W{u) = lim^oo Wo(?/&). From Theorem[3]we deduce (1571) . 

It therefore remains to prove the attainment of the boundary data @. Let us choose an 
open bounded set Hi C M 2 with smooth boundary such that 11 CC fii and let us extend ip to 
ip E C' 2 (Di). We also extend Uk by and obtain a sequence (v,k)k in H 2 (D i) with uniformly 
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bounded Willmore energy also with respect to the larger domain Oi. Theorem [3] and the properties 
(1371) . (1471) , ([50]) . (E2D show that 


9k ->■ q, v k ->• v 

in Oi \ E, 

(58) 

q\7 s u = 0 

as Radon measures on Oi, 

(59) 

\7 a u = q-^v 

on {q > 0} \ E, 

(60) 

Vu k -> V a u , Q k -> v 7 ! + \V a u\ 2 = Q a 

in {q > 0} \ E, 

(61) 


where E C Oi has |-capacity zero and the approximately continuous representative of V a u exists 
everywhere in {q > 0} \ E. We recall that q > 0 a.e. in Oi. 

On <90 we have, denoting by r a unit tangent held on <90 

Qk = V 1 + |Vttfc| 2 = \/l + (v ■ Vu k ) 2 + (r • Vu k ) 2 = + (^) 2 + (^) 2 - 

We deduce from ((SJ) and (f58T) that 

q > 0 on 90 \E, (62) 

in particular T^-a.e. on 90. By [AFPflO;. Lemma 3.761 we have |V s ti|(i?) = 0 and by (l59l) . (l62l) 
this yields |V s u| (90) = 0. 

By (1611) . (1621) we deduce for the approximately continuous representative \7 a u , which is well- 
defined 'H 1 -a.e. on 90, that 

V a u • v = lim Vuj, ■ k = V 92 • v Ti 1 -almost everywhere on 90. (63) 

k —^00 

This proves the attainment of the second Dirichlet boundary datum. 

—3/2 

From now on we will work in the original domain 0. We observe that g k '■= Q k and 
efc := u k Qk, 3 ^ 2 satisfy 

3 2 

dm = -^^2(djU k ) (djdiU k )Ql 7/2 , 

3 = 1 

3 2 

die k = ( di'u k )Ql 3/2 - - ^2 u k (dju k ) ( djdiU k ) Q k 7/2 - 

3 =1 

Using the diameter bound m and ( 1731 ) we infer that the sequences (g k ) k ^n and (e k ) kG f$ are 
bounded in iL 1 (0). After passing to suitable subsequences and possibly enlarging the set E , we 
obtain in addition to (l58l) - (l62l) that 

9k ^ 9, e k -±e in iL^O), (64) 

9k g, s k e in 0 \ E, Cap 3 / 2 (E) = 0, (65) 

and that g = (Q a )~ 3//2 and e = ug hold almost everywhere in 0. 

We next claim that "H 1 -almost everywhere on 90 the traces of e,g,u, which are well-defined by 
[EG92 , Theorem 5.3.1], satisfy e = ug. In fact, T^-almost all xo G 90 are by lAI-TOO . Theorem 
3.87] Lebesgue boundary points, 

lim 4- \u(x) — u{xq)\ dx = 0, 

uo Jb t (x 0 )nn 

lim i \g{x) -g(x Q )\dx = 0, 

uo JB r (x 0 )nn 


lim + |e(x) — e(xo)| dx = 0. 

UO J B r (x 0 )nn 
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Using these properties we deduce 


|e(x 0 ) - u(x 0 )g(x 0 )| 


i 

i 


Br(x o)nf2 


Br(x o)nf2 

+ 


£ 


|e(x 0 ) - u(x 0 )g(x 0 )\ dx 

(je(x 0 ) - e(x)\ + \u(x 0 )(g(x 0 ) - g(x))\ + \g(x)(u(x 0 ) 
e(x) — u(x)g(x)\ dx 


B r (a;o)nn 


o (r i 0), 



dx 


since the last integral is zero and since u, g are uniformly bounded. This shows 

ug = e 'H 1 -almost everywhere on dfl. (66) 

We further obtain from g = g 3 / 5 in H l (fl) that g = g 3 / 5 holds "H 1 -almost everywhere on dfl for 
the corresponding traces. Furthermore the sets of Lebesgue boundary points of q and Lebesgue 
boundary points of g on dfl are the same, since 

g 3 / 5 _ g 3 / 5 (xo)| dx < + \q — g(xo)| 3,/5 dx < + \q — q(xo)\dx, 

J B r (xo)C)£l J B r (xo)nQ 

< / I(g 3 / 5 ) 5 / 3 - (g(*o) 3/5 ) 5/3 | dx < -f ||g 3 / 5 - g(x 0 ) 3/5 | dx, 

JB r (xo)r\Q JB r (x o)n£7 3 

< 1. In particular, this implies 

{g > 0} n (<9D \ B) = {g > 0} n (dfl \ B) for some B C dft with B 1 ( B) = 0, (67) 

and by (1621) 

g > 0 T^-almost everywhere on dfl. (68) 

By (1641) and since u k satisfies the first Dirichlet boundary condition we find that in L 2 ( dfl) and 
'H 1 -almost everywhere on dfi 


£ 


L 


'B r (x 0 )nn 
I q - g(^o)l dx 


B r (x 0 )nn 
where we have used |g| 


e = lim e k = lirn <pg k = yg 

k —^oo k —^-oo 

holds. This yields by (|66l) . ()68[) that u = (p is satisfied 'H 1 -almost everywhere on dfl. Together with 
(f63l) this proves that the Dirichlet boundary data are attained. □ 

Since by construction the lower semicontinuous relaxation is lower semicontinuous and by the 
compactness property from Theorem [3] we obtain the existence of a minimiser for W, which is even 
bounded and has finite surface area. 

Theorem 5. There exists a function u € BV(fl ) D L°°(fl) such that 

VueL^D): W(u)<W{v). 


Proof. We consider 

a := inf{W(u) : v € T 1 (D)} < oo 

and a minimising sequence (u k )ken C T 1 (D), thus a = lim^oo W(u k ). Thanks to the definition of 
W we may achieve that even (u k )k£N U A4. According to Theorem |4] we have W(u k ) = Wo(u k ), 
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hence a = lim^oo Wo(uk). Theorem [3] yields that for a subsequence Uk —>• u in T 1 (fl) and that 
u G BV(Q) n L°°(Q). Due to the definition of W it follows that 

W{u) < lim Wo(uk ) = a. 

fc—> OO 

The reverse inequality a < W(u) follows from the definition of a as an infimum. To conclude we 
have u G BV(Q) D L°°(D) and it satisfies 

W(u) = a = inf{W>) : v € BV(Q)}. 

□ 


The preceding arguments show that the infimum in the definition of W is in fact a minimum 
and that 

inf{lT(u) : v € L 1 (D)} = inf{W(u) : v € M} = inf{Wo(u) : v € M}. 


5.2 Navier boundary conditions 

In what follows we always assume 11 C l 2 to be a bounded C 3 -smooth domain and fix a boundary 
datum p G C 3 (D). 

In order to model the so called Navier boundary conditions 

u = (p and H = 27 ^ on dfl 

we consider the set 

M := (uGtf 2 (D) :v-peH^{Q)}. (69) 

As explained in the introduction one can formulate only the first Navier datum via a suitable subset 
of H 2 (Q) while the second datum is only obtained via a minimising property and, when compared 
with the Dirichlet setting, the larger set of admissible testing functions. 

In contrast to Dirichlet boundary conditions the total Gaufi curvature is not determined just by 
the Navier condition and is not constant on A4. Thus, we now consider the generalised Willmore 
functional from (jTJ). 

We define as above the L 1 (D)-lower semicontinuous relaxation of the Willmore functional: 

W 7 : L 1 (D) — > [0,oo], W 7 (rt) := inf {lim inf W 7 («fc) : M 3 Uk —>• u in T 1 (D)}. 

k —>-oo 

We remark that again such approximating sequences always exist and that the set {IT 7 < 00 } will 
be strictly smaller than L 1 (D). 

Similarly to Theorem 0] we also obtain for the Navier boundary problem that the relaxation of 
W 7 coincides with the original functional in A4: 

Theorem 6. For u G M one has W 1 {u) = W 7 (it). 

Proof. The inequality W 7 (rt) > W-fu) follows immediately from the definition. To prove the oppo¬ 
site inequality take any sequence (rtfc)fceN C M. with Uk — > u in L 1 (D) and lim inf W- f (uk) < 00 . 
By Lemnra[2]also (W / o(ufc))/ c eN is bounded. Therefore all properties shown in Theorem [3] hold and 
since u G H 2 {fX) we deduce that Wq(u) < lim inf ^oo Wo(rtfc). Since the total Gaufi curvature is 
continuous by Proposition [T] we therefore also obtain 

W 1 {u) < lim inf W y (uk), 

k^oo 

which implies IT 7 (u) < IT 7 (u). □ 
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Remark 3. As in the Dirichlet case we would like to characterise properties of the subset of L 1 (hl) 
where W 7 is finite. The key difficulty here is to identify a suitable generalisation of the total Gaufi 
curvature for a sufficiently large subclass of functions u E T 1 (hl) \ H 2 (£l). We consider here for 
u E BV(£l) with E H( div, f 2 ) and ( Q a )~ l E BV{Q) 

S G {u) := 2t rx(ft)+ f • 1 / ^ , 2 ds - f ds , (70) 

Jan Q a 1 + («r7>r Van 

where r, k denote a unit tangent field and the scalar curvature (taken nonnegative for convex parts) 
of d£t, respectively, see Remark [I] 

Since yyf € H(div,£l) by |Tem01I Theorem 1.1.2] we have • v E H~ 1 / 2 (d: fl) and the first 

boundary integral, which more precisely has to be understood as a i7 ~ 1//2 (dQ)-H 1 ^ 2 (<912) duality 
product, is well-defined. Furthermore (Q a )^ 1 E BV(£l) ensures by [ EG921 Theorem 5.3.1] that the 
second boundary integral is well-defined. Note also that by [TemOll Theorem 1.1.2] 

£ g {u) = 27rx(ll) + [ H a (x)a(x)dx+ [ ^-^-Vadx- [ ds , (71) 

Jn Jn Q Jan Q 

where H a := V • yyr and where a E C' 1 (fl) is any differentiable function satisfying a|ao = 
dr'P 1 

Our choice of the functional £ G is motivated by Proposition |T] and (1551) . In fact, the latter 
proposition shows that £ G (u ) coincides with J^KQdx for u E H 2 (£l) with boundary values ip. 
Moreover, for all C > 0 the functional £ G is continuous with respect to L 1 -convergence in H 2 (£l) D 
{Wo < C}. We do not claim that our choice of £ G is a reasonable representation for arbitrary 
u E L 1 (fl) \ H 2 {£i). However, at least for minimising sequences in Jvt we expect that limit points 
enjoy additional good properties such that their total Gaufi curvature might already be described 
by £g- 

Using this modified total Gaufi curvature we can define a generalised Willmore functional (or 
rather the non-singular part of the latter) as 

W 7 » = WS{u)+^£ G (u) 

for u E BV(Q) with E H(div,Cl) and (Q a ) _1 E BV(£t). 

The next proposition shows that for u E L 1 (n) with W 7 (u) < 00 the functional W“ is well- 
defined and satisfies an upper estimate. In addition, at the non-vertical part of the boundary the 
first Navier boundary datum is attained. 

Proposition 3. Consider u E L 1 (I2) with W 7 (it) < 00. Then u E BV{£1) D L°°(£l), E 
H(div,£t) and {Q a )~ l E BV(Q) holds and we have 

W«(u) < W 7 (u). (72) 

Moreover, TL 1 -almost everywhere on {(Q “) _1 > 0} n dU the trace of u on <912 satisfies the first 
Navier boundary condition u = <p. 

Proof. There exists a sequence ('Ufc)fcgN C M such that 

Uk —^ u in L 1 (h 2 ), W 7 (tt) = lim W 7 (itfc). 

k—> 00 
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Thanks to Lemma [2] and since (W~/(uk))k£N is bounded also (Wo(iik))k£N is bounded. So, most argu¬ 
ments of the proofs of Theorem [3] and Proposition [2] carry over, but the convergence of J' (i I\ k Qk dx 
and the attainment of the boundary condition need to be carefully discussed. 

As in the proofs of Theorem [3] and Proposition [2] we obtain, after passing to a subsequence and 


—3/2 

recalling g k = Q k , e k = u k g k , 



9k 1 Q') £ k 1 ^ 

in F7 1 (0), 


gk ->• g, efe —>• e 

in 0 \E, 

Cap 3 / 2 (^) — 0, (73) 

Vnfc —»■ V“tt 

a.e. in 0, 

(74) 

V a u 

H k -a H a = V • “ 

Q a 

in L 2 { 0), 

(75) 

and that g = ( Q a ) 3 / 2 and e = ug holds almost everywhere in 0. 
H (div, O) and 

Moreover Q a € L 1 (0), ^jr € 

W${u) < 

liminf Wo(u k ). 

k —^oo 

(76) 

Since 0 < ( Q k ) _1 < 1 for all k € N and further 




V(Qfc)" 1 = -QfD 2 u k Vu k , ^lV(Qfc)- 1 ! < (J^Qf\D 2 u k \ 2 Y(J^Q k y, 

(Qk)~ l is uniformly bounded in kF 1,:L (0). By the BV compactness theorem and since (Qk)^ 1 
(Q a ) _1 in L 1 (n) we deduce that (Q a ) _1 € BV(Q). 

We next show the convergence of the total Gaufi curvature. Here it is convenient to fix any 
a € C' 1 (H) as above and to use the representation (1711) . By (|73l) we deduce that g k —>• g in L 2 (90) 
and, possibly passing to a subsequence, "^-almost everywhere on 90. Since g kl g are bounded we 
deduce that we also have 

«w-‘ = sT -* A 3 = wr 1 


strongly in L 1 (3H), where in the last equality we have used that g 2 / 3 = ( Q a ) 1 in BV(£l) and 
therefore in L 1 (9H). Furthermore, from (1741) and since < 1 we obtain 


Vm 


V a it 


in L 1 (H). 


Equation 


Qk Q a 

the convergence properties just derived, and (175)) yield for k —>• oo 


£o(uk) = 27 rx(H) + f H k (x)a(x) dx + f -Vadx - [ ds 

r r \7 a u r K 

—>• 27 ty( 0 ) + / H a (x)a(x) dx + / —— ■Vadx— / -— ds = £q{u). 

Jn J n Q a Jon Q a 

Recalling (1761) we conclude that (1721) holds. 

Following the proof of (1661) in Proposition [2] we obtain "H 1 -almost everywhere e = ug on 90. 
Moreover we deduce from ((J a ) _1 = g 2 ^ 3 similarly as in (1671) that 


{g > 0} n (90 \B) = {(Q a ) 1 > 0} n (90 \ B) for some B C 90 with = 0, 


and further by the first Navier boundary condition that e = Hindoo e k = pg holds 'R 1 -almost 
everywhere on 90. This implies that u = ip is satisfied 'H 1 -almost everywhere on the set 90 D 
{(Q a ) _1 > 0}. □ 
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Remark 4. As before we obtain as a corrollary the existence of a minimiser for W, which is even 
bounded and has finite surface area: There exists a function u € BV(Q) n L°°(0) such that 

VreL 1 ^): W 7 (u) < W 7 (v). 

The proof follows closely that of Theorem [5j To obtain the respective compactness property for the 
generalised Willmore functional W- y we in addition use that by Lemma [2] a bound on W- r implies 
a bound for Wo- We expect that the first Navier boundary data are not necessarily attained in 
a pointwise sense if vertical parts of the graph are present in the limit. Such a deviation will be 
charged by contributions to the energy from the singular part. In particular in such cases we expect 
that W“(u) < W y (u). 

Remark 5. Most of the results for the functional W 7 also apply to more general Canham-Helfrich- 
type functionals PMlB, '(’ an 70 1 

Wa^Ho^iu) = a [ y /1 T |Vu [ 2 dx + - f (H — Ho) 2 y/l + |Vri | 2 dx — 7 [ K yjl + |Vn | 2 dx. 

Jn 4 Jq Jq 

The physical meaningful range of parameter values is described by the conditions a > 0, 0 < 7 < 1, 
7 Rq < 4a (1 — 7 ), see [ Hel73llNit93j . These restrictions ensure pointwise nonnegativity of the whole 
integrand a + \{H — Hq) 2 — 7 K. 

Here we can consider arbitrary fixed a > 0 and Ro>7- F° r given cp € C' 2 (H) we prescribe the 
boundary condition Then the term 7 JqK \/l + |Vrt | 2 dx is uniformly bounded by 

the data, see the proof of Lemma [2j Hence, bounds for W ar7 h 0 immediately yield bounds for the 
area and so for Wo- Diameter bounds follow directly by Theorem [U 

In order to extend Proposition [3] one observes that the area term is L 1 -lower semicontinuous. 
Moreover, the proof of Theorem [3] yields that {VQk)ke N is bounded in L 2 (Q) and \jQk —> \/Q°' 
holds almost everywhere in H. Vitali’s theorem implies that y/Qk —^ \JQ° in L 2 (H). We conclude 
further from (|53l) that ( H^ — Ho)y/Qk ( H a — Ho)y/Q° : in L 2 (H). Hence the proof of Proposition [3] 
can be extended to the Helfrich case. 

If we assume only a > 0, but further that a > eHq for some e > 0, then bounds for W a>li H 0 
imply bounds for Wo that are uniform in a. Diameter and area bounds follow by Theorem [21 The 
corresponding results to Proposition [3] can the be proved as indicated above. 

Acknowledgement. The authors are grateful to Gerhard Huisken for very fruitful and helpful 
discussions and suggestions. 


References 

[AFP00] L. Ambrosio, N. Fusco, and D. Pallara. Functions of Bounded Variation and Free 
Discontinuity Problems. Oxford Mathematical Monographs. Oxford: Clarendon Press, 
2000 . 

[AM03] L. Ambrosio and S. Masnou. A direct variational approach to a problem arising in 
image reconstruction. Interfaces Free Bound., 5(1):63—81, 2003. 

[BK03] M. Bauer and E. Kuwert. Existence of minimizing Willmore surfaces of prescribed 
genus. Int. Math. Res. Not., 2003(10):553-576, 2003. 

[BDMP93] G. Bellettini, G. Dal Maso, and M. Paolini. Semicontinuity and relaxation properties 
of a curvature depending functional in 2 D. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 
20(2):247-297, 1993. 


27 











[BM04] 

[BDF13] 

[BJ14] 

[Can70] 

[Dall2] 

[DDW13] 

[DFGS11] 

[DG07] 

[DKS13] 

[DHS10] 

[Eva90] 

[EG92] 

[Fre73] 

[GTOl] 

[Giu84] 


G. Bellettini and L. Mugnai. Characterization and representation of the lower semicon- 
tinuous envelope of the elastica functional. Ann. Inst. H. Poincare, Anal. Non Lineaire, 
21(6):839-880, 2004. 

M. Bergner, A. Dall’Acqua, and S. Frohlich. Willmore surfaces of revolution with two 
prescribed boundary circles. J. Geom. Anal., 23(l):283-302, 2013. 

M. Bergner and R. Jakob. Sufficient conditions for Willmore immersions in M 3 to be 
minimal surfaces & Erratum. Ann. Global Anal. Geom., 45(2):129-146 & 147-150, 
2014. 

P. B. Canham. The minimum energy of bending as a possible explanation of the 
biconcave shape of the human red blood cell. J. Theor. Biol., 26(1):61—76, 1970. 

A. Dall’Acqua. Uniqueness for the homogeneous Dirichlet Willmore boundary value 
problem. Ann. Global Anal. Geom., 42(3):411-420, 2012. 

A. Dall’Acqua, K. Deckelnick, and G. Wheeler. Unstable Willmore surfaces of revolution 
subject to natural boundary conditions. Calc. Var. Partial Differential Equations, 48(3- 
4):293-313, 2013. 

A. Dall’Acqua, S. Frohlich, H.-Ch. Grunau, and F. Schieweck. Symmetric Willmore 
surfaces of revolution satisfying arbitrary Dirichlet boundary data. Adv. Calc. Var., 
4(1):1—81, 2011. 

K. Deckelnick and H.-Ch. Grunau. Boundary value problems for the one-dimensional 
Willmore equation. Calc. Var. Partial Differential Equations, 30(3):293-314, 2007. 

K. Deckelnick, J. Katz, and F. Schieweck. A CA-finite element method for the 
Willmore flow of two-dimensional graphs. Math. Comp., to appear. Preprint 
Universitat Magdeburg 04/2013, online available at http://www-ian.math.uni- 
magdebur g. de/home/deckelnick /publ. html. 

U. Dierkes, S. Hildebrandt, and F. Sauvigny. Minimal Surfaces, with assistance and 
contributions by A. Krister and R. Jakob, volume 339 of Grundlehren der Mathemati- 
schen Wissenschaften. Springer, Heidelberg, revised and enlarged second edition, 2010. 

L. C. Evans. Weak Convergence Methods for Nonlinear Partial Differential Equations, 
volume 74 of CBMS Regional Conference Series in Mathematics. Published for the 
Conference Board of the Mathematical Sciences, Washington, DC; by the American 
Mathematical Society, Providence, RI, 1990. 

L. C. Evans and R. F. Gariepy. Measure Theory and Fine Properties of Functions. 
Studies in Advanced Mathematics. CRC Press, Boca Raton, 1992. 

J. Frehse. A discontinuous solution of a mildly nonlinear elliptic system. Math. Z ., 
134:229-230, 1973. 

D. Gilbarg and N. S. Trudinger. Elliptic Partial Differential Equations of Second Order. 
Classics in Mathematics. Springer-Verlag, Berlin, 2001. 

E. Giusti. Minimal Surfaces and Functions of Bounded Variation, volume 80 of Mono¬ 
graphs in Mathematics. Birkhauser Verlag, Basel, 1984. 


28 



[GulM] B. Gulyak. Erste a-priori-Abschatzungen fur Willmoregraphen liber allgemeinen 
Gebieten. Seminar thesis, Universitat Magdeburg, 2014, online available at 
http://www-ian.math.uni-magdeburg.de/home/grunau/papers/GulyakStudienarbeit.pdf, 

[Hel73] W. Helfrich. Elastic properties of lipid bilayers: Theory and possible experiments. Z. 
Naturforsch. Teil C, 28:693-703, 1973. 

[HM86] J. E. Hutchinson and M. Meier. A remark on the nonuniqueness of tangent cones. Proc. 
Amer. Math. Soc ., 97(1):184-185, 1986. 

[KS12] E. Kuwert and R. Schatzle. The Willmore functional. In Topics in modern regularity 
theory , volume 13 of CRM Series, pages 1-115. Ed. Norm., Pisa, 2012. 

[Magl2] F. Maggi. Sets of Finite Perimeter and Geometric Variational Problems, An intro¬ 
duction to geometric measure theory, volume 135 of Cambridge Studies in Advanced 
Mathematics. Cambridge University Press, Cambridge, 2012. 

[MN14] F. C. Marques and A. Neves. The Willmore Conjecture. Jahresber. Dtsch. Math.-Ver., 

116(4):201—222, 2014. 

[Nit93] J. C. C. Nitsche. Boundary value problems for variational integrals involving surface 
curvatures. Quart. Appl. Math., 51(2):363-387, 1993. 

[Sch09] R. Schatzle. Lower semicontinuity of the Willmore functional for currents. J. Differen¬ 
tial Geom., 81(2):437-456, 2009. 

[SchlO] R. Schatzle. The Willmore boundary problem. Calc. Var. Partial Differential Equa¬ 
tions, 37(3-4) :275-302, 2010. 

[Sim83] L. Simon. Lectures on Geometric Measure Theory, volume 3 of Proceedings of the Centre 
for Mathematical Analysis. Australian National University, Canberra, 1983. 

[Sim93] L. Simon. Existence of surfaces minimizing the Willmore functional. Comm. Anal. 
Geom., 1:281-326, 1993. 

[TemOl] R. Temam. Navier-Stokes Equations, Theory and numerical analysis, Reprint of the 
1984 edition. AMS Chelsea Publishing, Providence, RI, 2001. 

[Tor94] T. Toro. Surfaces with generalized second fundamental form in L 2 are Lipschitz mani¬ 
folds. J. Differential Geom., 39(1):65—101, 1994. 

[Wil93] T. J. Willmore. Riemannian Geometry. Oxford Science Publications. The Clarendon 
Press Oxford University Press, New York, 1993. 

[Zie89] W. P. Ziemer. Weakly Differentiable Functions, Sobolev spaces and functions of 
bounded variation, volume 120 of Graduate Texts in Mathematics. Springer-Verlag, 
New York, 1989. 


29 


